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Abstract. We define a hierarchical model in d > 2 dimensions with a ¢* interaction which
is a true model of statistical mechanics in that it can be described by a set of potentials
admitting Gibbs states. We show that the renormalisation of this model leads to a
transformation of local potentials which corresponds to a transformation of Gibbs measures
in the thermodynamic limit. Finally we show how this transformation can be used to
obtain a continuum limit in the three-dimensional case, using analyticity techniques
developed by Gawedzki and Kupiainen.

1. Introduction

We study a hierarchical model analogous to the model introduced by Baker [1] who
first pointed out its simple renormalisation group structure. A hierarchical model with
discrete spins was introduced earlier by Dyson [2]. Mathematical investigation of
hierarchical models and their renormalisation was initiated by Bleher and Sinai [3]
and elaborated by Collet and Eckmann [4]. More recently Gawedzki and Kupiainen
[5] developed powerful techniques to treat these models using analyticity properties
of the interaction. In the following we study the continuum limit of a hierarchical
model with ¢* interaction in three dimensions, and state the final existence result
which can be obtained using these techniques. Details of the proof can be found in
the author’s thesis [6]. Our hierarchical model differs from the one introduced in [5]
in that it can be described by a Hamiltonian that admits Gibbs states. The existence
of a continuum limit for the translation-invariant ¢§ model is already long established
[7,8]. However, the renormalisation group method illustrates nicely the origin and
necessity of the counterterms that have to be added to the so-called ‘naked’ Hamiltonian.
Due to the asymptotic freedom in the ultraviolet it turns out to be possible to construct
strongly interacting continuum theories.

2. The model and the renormalisation transformation

. d . . . . .
We first define a Gaussian measure y on R?" with a hierarchical covariance C given
by

ny=kz_:0 L"Z"“I‘(x(k’,y‘k’). (2.1)

+ Presented at the conference on Mathematical Problems in Statistical Mechanics held at Heriot-Watt
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Here L>1is a fixed integer, and we have divided the lattice Z“ into blocks B, (%) of
side L indexed by xe Z*:

B (%)={xe Z‘|~iL<x-Lx<}iL} (2.2)
where % is the index of the block containing x, i.e. x€ B, (x) and x'*'=x"*"" The
matrix I'(x, y) is defined by

1-L7¢ ifx=y
I(x,y)={-L"* ifx=yx#y (2.3)
0 if X # y.

Note that C is not translation invariant. One easily shows that C,, behaves as L™>7**”
for s(x, y) » o, where s(x, y)+1 is the smallest k=1 so that x'*’ = y'*’. Thus 8(x, y) =
L** is a kind of ‘hierarchical distance’ between x and y. Taking o =3(d —-2), C,,
mimics the power-law behaviour of (~A) '(x, y)= constantx|x—y/"?">. One can
show that y. satisfies the DLR conditions [9, 10] with respect to the following potentials
Yy (for finite X < Z9):

V(o) =2(1-L")/(1-L77)
Viws( ey &) = L2002 = 1) /(1= L777) (2.4)
¥x=0 if |X|>2.

Proposition 1. The Gaussian measure vy, with hierarchical covariance C given by (2.1)
with o =3(d —2), is a Gibbs measure with respect to the potentials (2.4).

The main ingredient of the proof is the fact that

2 [Bol=201-L7")/(1- L) < (2.5)
yveZ
where
B, = Z L—(d+2)kr(x(k),y(kb) (2.6)
k=0

is the inverse of the matrix C.
Let us now add a local interation to 7. Define

Vie)= Y, v(é) (2.7)
and put
v(d.) =trds+igd?. (2.8)

Using Dobrushin’s existence theorem [11] (see also [12]) one can prove (see [6]) the
following theorem.

Theorem 1. There exists a Gibbs state u for the hierarchical ¢* model defined by the
potentials
V(o) =31-L™)/ (1= L")+ v(e,)
Y ieni( b, b,) = L*(d*2)(.&1x.,\‘)+1)(L3 -1)/(1- L—d—3) (2.9)
V=0 if | X!|>2.
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The hierarchical covariance has the nice property that, under the (block-spin) renor-
malisation transformation, local interactions, i.e. interactions of the form (2.7), are
conserved. Indeed, let us define a block-spin transformation as follows. Given ¢ € RZ
we define a biock average M¢ = ¢’ by

(M¢), =L Y o, (2.10)

yveB (x)

The transformed measure u'= Ry is then the image measure under the mapping
M: u'=M(u). Note that

Ryc =1yec. (2.11)

Indeed, one easily calculates the characteristic function

J exp(i(e, [))Ryc(do) =J exp(i{Ma, /) yc(de)

= J exp(i(¢, M'f))yc-(do)

=exp(—x(M'f, CM'f)).
Hence Ry, is a Gaussian measure with covariance
=MCM'=C. (2.12)

We now show that u' is also a Gibbs measure for the hierarchical model, but with a
transformed local potential V'(¢') =2, .« v'(d%). Let us first make a heuristic calcula-
tion. Formally, we have, for an arbitrary function F on Q,=R" with A< Z“? finite,

J 6 u(de) =L@ exPl=Z 7 v(d)]rc(dd)
Jexpl~2.c 2+ v()]yc(do)

Now

Co =L *Cy+T,, (2.13)
so let us put

d.=L"¢ + ¢ (2.14)
and

Ye(dd) = yc(dod) yr(dé). (2.15)

The field ¢ is a fluctuation field satisfying M£=0, i.e. y; is concentrated on the ¢ with
zero average on each block. The decomposition (2.15) was first introduced by Sinai
[13] and used extensively by Gawedzki and Kupiainen [14, 15]. Using this decomposi-
tion we can compute the renormalised measure u’ as follows:

J‘ F(o\)u'(de’) =J’ F((M¢)\)u(de)

_[F((M¢),) exp[~2. v($.)]vc(dd)
fexp[-2, v(o:)1yc(dd)
_JIF(6Y) exp[~2, v(L ™70+ &)1y (do") yr(dé)
fexpl-2, v(L ™%+ £)]yc(dd)) ye(dé)
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Now using the fact that v~ decouples over the blocks so that y- =&, v, we find
J F(¢')p'(de")

_J¥c(do)F(do' I [ yr (d€) expl—Ziep, V(L 0L+ )]
[ vc (AL | r (d€) exp[~Ziep, 0 0(L b5+ €]

Hence we expect that 4’ is a Gibbs measure for the hierarchical model with local
potential v’ given by

oy _Jexpl=Zccp o 0(L78 L+ )] (d€)
exp(—v (d’r)) -
fexpl =2z, 0(£)] 1 (d€)
We have normalised v’ so that ©'(0) =0. We remark that I'; =T is independent of x;

it is the restriction of I' to a block. Therefore v’ does not depend on x and we can
omit all indices X in (2.16). It is now easy to prove the following rigorous statement.

(2.16)

Proposition 2. Assume that u is a Gibbs measure for the hierarchical model with
potentials (2.9). Then u’= Ru is a Gibbs measure for the hierarchical model with
potentials (2.9) modified by replacing » with v’ given by (2.16).

Proof. If n is a Gibbs measure for the hierarchical model with local potential v then

! exp[_z.ve,\v(d’x)]‘Y(dd),\}d) \C)
d )= 2.17
) T D=5 e v 0(6017(d [ ) 17
where y(d¢,|é ) denotes the conditional distribution of ¢, given ¢ ... We want to

prove

exp[=Z.. ,0'(6)]y(dhl6)
(A} = 218
A e o YL YRR (2.18)

or, equivalently,
[rexp[=S:cy v'(60)]y(dd o) J
p'(de') —— = ‘(d
JJ h ICXP[*Zr'z.\ U(d’r‘)]‘)’(dﬁb_\’d’ \e) 1x1pd ®)
for all measurable I<Q,, J< Q..
Now, because of the independence of £ and ¢', we have

JJ' F((L_Ud).:&_*-é‘x)xe.‘\) H\ YI\(dé—)’)/(dd)’\“b/\‘)

=J’ yr(déye) J F(¢)y(dos[(L™7¢+ &) e 30). (2.19)

Here A is the union of blocks labelled by the points of A, i.e. A =., B.(x). Using
(2.19) and the transformation formula (2.16) it follows that

jl exp[~2.., U(‘ls.le)]')’(d‘ﬁ,\!(b,’ﬁ)
feXp[—Z,‘-E‘\v(d);)]‘y(dtb'\ldﬂ\c)

A& Jarmr expl =2 10(8)]7(dsl(L "} + &), e 1) 220

Jyr(déze) fexp[ =2 c3v(d)]¥(dd3[(L 701+ 6,) ) (220)

Now B,, does not depend on y— Ly if x# y (see (2.6)). It follows that the measure

y(d¢>—\{(L“’d>'(-.+g_).)}.e-\c) is in fact independent of £ Integrating (2.20) with respect to
¢'s- and using (2.17), the validity of (2.18) easily follows.
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3. The continuum limit

It is well known that the renormalisation group provides a means of constructing a
continuum limit. This can be done in a two-step process. First one constructs a
sequence of lattice fields ¢, satisfying the consistency condition

((j)n)x:Lid Z (d’n-rl))" (31)
yeBpix)
These can be rescaled to obtain fields ¢,.(x) =(é,),", with xe L™"Z% on a sequence
of finer and finer lattices. The second step consists of proving the existence of the
limit lim, .. ¢,(f) = ¢(f) for a class of smooth functions f e.g., fe F(R?). (For an
elementary discussion of this process, see [16].) We concentrate here on the first step
in the process; this involves the renormalisation of the field.

The lattice fields ¢, can be obtained in the following way: let ¢, ,,, be a lattice
approximation to the continuum field we wish to construct, with variable parameters
depending on m; we obtain ¢, as the limit

¢, =L" lim M™ "¢,,,. (3.2)
The distribution of the field ¢,,,,, will be given by the potential (2.8) but with parameters
rn and g,, depending on m. In order to see how r,, and g,, have to be varied with m,
we apply the renormalisation transformation (2.16) once. To second order in perturba-
tion theory we obtain

r'=L(r+3ag—3arg—9a’g’—6cg?) (33)

g/=L4*d(g_9ag2) !
where a and ¢ are constants: a=1-L"%; c=(1=L"%)(1-2L"*). Let us consider the
case d =3. We can read off from the transformation formulae (3.3) the way in which
r. and g, have to depend on m. Indeed, taking

=L (ry—3ay,,L"g,+6cmgs)
o (3.4)
gm = L gO

with y,, =(1-L™™)/(1-L7"), we find that (r,/' """, g"""") converges as m->. In
fact we can already guess from the the form of the equations (3.3) that (3.4) suffices
to all orders of perturbation theory since higher-order terms in (3.3) are all of order
< L™ if we insert (3.4). This is also true for ¢'® terms, ¢'® terms, etc, that appear in
v'(¢'). Notice that the first counterterm in the expression for r,, is just a Wick-reordering
term, i.e. it results from replacing ¢ by : ¢*: in (2.8). The second counterterm is the
usual mass-renormalisation term corresponding to the logarithmically diverging Feyn-
man diagram

-©-

We remark here that, not only is (3.4) correct to all orders of perturbation theory,
it is even correct non-perturbatively. This can be proven using analyticity techniques
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developed by Gawedzki and Kupiainen [5]. To make this statement precise, let us
define the initial local potentials

V(@) = 1rp” + 38" (3.5)
where r,, and g,, are given by (3.4) with g,>0. Then the following holds.

Theorem 2. Assume L large enough. Then there exists my(L, ry, g,) such that, if m = m,,
exp[— (& "+, )(¢)] converges uniformly in ¢ € R as n » o, where R is the transforma-
tion (2.16).

For a proof, see [6]. Notice that there is no restriction on ry and g, > 0. This is because,
for large enough m, r,, and g, will be small, so that we can do perturbation theory
in r, and g,. The fact that r, and g, approach zero as m -0 is the ultraviolet
asymptotic freedom of the theory.
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